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ABSTRACT: A comprehensive constitutive model developed for natural structured soils 
(MSS) is used to investigate the influence of the constitutive assumption on the 
one-dimensional ground response. The model has been implemented into a two phase 
dynamic FE software (SWANDYNE II) in order to conduct seismic analyses of a soil 
column subjected to a typical Italian earthquake at the bedrock. The results of these fully 
nonlinear analyses are compared with the predictions of the program EERA, a code similar 
to SHAKE. The close agreement between the results of these two different approaches 
shows a good performance of the fully nonlinear FEM relative to that of an equivalent 
linear model. At the same time, important features of the dynamic behaviour of soils, such 
as the build of excess pore pressure and the development of plastic strain during and after 
the seismic loading, can only be modelled by a fully coupled nonlinear approach. 
Key Words: Plasticity, Finite Element Method, Ground motion, Effective stress analysis, 
coupled analysis 
INTRODUCTION 
The experimental observation of the mechanical behaviour of natural soils subjected to monotonic 
and cyclic loading conditions has been followed, in the last years, by the formulation of complex 
constitutive relations which are able to describe the main features of their behaviour. Only recently, the 
development of sophisticated numerical schemes and the increase in computational power have enabled 
researchers to investigate the influence of these constitutive hypotheses on the results of static and 
dynamic geotechnical boundary value problems. 
The aim of this publication is to indicate the limits and the potentiality of a fully coupled non-linear 
approach to the solution of a classical geotechnical problem: the one dimensional propagation of a 
seismic induced shear wave in a soft clay deposit. The proposed coupled non-linear approach is based on 
the use of an advanced finite element code based on effective stress principle combined with a relatively 
complex constitutive model for the soil. The adopted strategy for the solution of the site response 
problem is based on the idea that a realistic prediction of the soil behaviour can only be obtained by 
considering, on one hand, the coupled interaction between the soil skeleton and the pore fluid while, on 
the other hand, by the use of constitutive models which are able to reproduce the typical aspects of 
non-linearity, irreversibility, non-coaxiality, anisotropy and stress history dependency. This approach 
can nowadays be considered well established in the field of computational soil dynamics (e.g.: 
Zienkiewicz et al., 1999) although it seems to be somehow in contrast with the classical soil dynamics
one, which is based on much simpler numerical algorithms and constitutive assumptions (e.g. Schnabel
et al., 1972). Concerning this latter approach, it is worth remarking that it has been successfully adopted 
in the solution of a number of practical problems in the last thirty years and, as such, it is widely 
accepted in the technical environment but with some of its limitations well-known and accounted for in
practical designs.
In order to define a relation between the two different approaches and to point out the possible
advantages of the fully coupled non-linear option, in this paper the results of the FE analyses are
compared to those obtained by a linear equivalent visco-elastic approach under comparable
assumptions.
The paper is organised as follow: in the first two sections the main features of the constitutive model
and the finite element code used in the fully coupled non-linear approach are briefly outlined. This is
followed by the comparison of the results obtained by the advanced computational scheme and the 
classic linear equivalent visco-elastic approach. In the final part of the paper a discussion of the results 
and some brief conclusions are proposed. 
 
THE CONSTITUTIVE MODEL 
The constitutive model used in the finite element analyses proposed in this paper is the MSS (Model 
for Structured Soils), developed by Kavvadas & Amorosi (2000) for structured clayey soils and based on 
multisurface plasticity concepts. A key feature of this model is the treatment of the pre-consolidation as 
a structure-inducing process and the unified description of all such processes via a “Bond Strength
Envelope” (BSE), associated with the onset of appreciable de-structuring and distinguished from the 
onset of plasticity yielding. Other features of the model include: a damage-type mechanism to model
volumetric and deviatoric structure degradation, downward compatibility with Modified Cam-Clay
(MCC), i.e. adaptable predictive capabilities depending on the sophistication of the available test data 
and mathematical formulation in a general tensorial space to facilitate its incorporation in finite element
codes.
The model is briefly outlined in the following as it is described in detail in the reference quoted
above.
Characteristic surfaces 
The model is characterized by two Cam-Clay like elliptical surfaces in the stress space: the internal PYE, 
corresponding to the yield surface, and the external surface BSE, which represent the material states 
associated with the onset of degradation of structure at appreciable rate (Fig. 1). 
The external surface BSE is expressed by the function: 
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where ()  and are the isotropic and deviatoric coordinates of the centre, )s ' is the horizontal
half-axes of the ellipsoid and c is a parameter controlling the length of the vertical half-axes. The
internal yield surface PYE is described by the function: 
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which is geometrically similar to the BSE, but scaled by a factor 1* ++ .
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Fig. 1 MSS model, characteristic surfaces
For states inside the PYE, the reversible behaviour is described by a pressure dependent bulk
modulus and elastic shear modulus as in Critical State constitutive models:
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or alternatively by a hyperelastic formulation originally proposed by Houlsby (1985) to include the
elastic stiffness dependence on effective stress with a strain energy function given by:
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where  and , : ' : are material constants, rp is a reference pressure, ! "23e eq; & e : ee  with ev;  and 
 volumetric and deviatoric components of the elastic strain tensor respectively.
e
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The hardening rules 
The characteristic surfaces introduce the hardening variables ! ", ,K L' ! ! which control their size and
the positions of their centres. MSS possesses both isotropic and kinematic hardening rules. The isotropic
hardening rule controls the size of the BSE, i.e. it describes the evolution of material structure, whereas
the kinematic hardening rules describe the motion of the characteristic surfaces in the stress space and 
thus describe the evolution of material anisotropy.
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Isotropic hardening 
The change in size of the BSE is related to the volumetric and deviatoric plastic strain increment
! ,p pv q "; ;! !  by the following expression:
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where H  and are the intrinsic compressibility parameters and , vG , vF , qG , qF are the volumetric
and deviatoric structure degradation parameters.
The volumetric part of the above hardening law had a new exponential term identical to the
Cam-Clay law, to account for the volumetric-strain-induced structure degradation. The deviatoric
component of the hardening law depends on the modulus of the plastic deviatoric strain increment by an
exponential damage-type form similar to the volumetric component.
When plastic strain occurs, the sign of '! depends on the prevailing effect between the intrinsic
positive or negative volumetric hardening and the structure-induced negative hardening during the
de-structuring process. 
Kinematic hardening: motion of the centre K of the BSE 
During plastic deformation, the centre K of the BSE moves as follow:
1. For material states inside the BSE: 
K K
'
'
#! !
!
!     (6) 
i.e. the centre K of the BSE moves along a radial path through the origin.
2. For material states on the BSE: 
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where K  and J are material constants. The second term of the above expression causes the centre
K of the BSE to deviate from the radial direction, i.e. to move in the deviatoric hyper-plane, thus
altering the material anisotropy.
Kinematic hardening: motion of the centre L of the PYE
During plastic deformation, the centre L of the PYE moves as follow (Fig. 1): 
1. For material states on the BSE (i.e. when the two surfaces are in contact at a point corresponding
to the current stress state), the two surfaces remain in contact and the position of L is dictated by 
the position of K: 
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2. For material states inside the BSE, the motion of point L is such that the PYE moves towards
point M! which is the conjugate of the current state M. The direction vector MM M#"  is: 
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and the translation of the centre L is described by the formula:
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The parameter N!  is determined from the consistency condition which requires that the stress point 
remains on the PYE (i.e. ).0f #!
The flow rule 
The flow rule of MSS is associated and has the standard form:
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with H being the plastic modulus. For material states on the BSE, H is determined from the consistency 
condition, while for material states inside the BSE it is evaluated from the requirement for a continuous
variation of its magnitude as the PYE approaches the BSE. This is expressed by the following 
interpolation rule: 
! "Q R= I11 0 $$MM%MM# $STTHHH      (12)
where H" is the value of H at point M" on the BSE (Fig. 1), T  is the MM! length, 0T  is the MM! length
when plastic strain starts to accumulate and S controls the rate of decay of the plastic modulus from
H # U  to H H MM#  when the stress state reaches the BSE.
Summary of MSS parameters 
In total, MSS requires eleven material parameters. Four of them are essentially the parameters of the
Modified Cam-Clay model and the remaining seven control the structure degradation and the anisotropy
characteristics:
,  : poro-elastic compressibility. In hyper-elasticity: ! "e/* %# 1,, .
G/K or  : elastic shear parameter in poro-elasticity or hyper-elasticity, respectively. 
:'
H  : intrinsic compressibility.
c  : eccentricity of the BSE. It is analogous to the “M” parameter of the MCC model.
!
vv
, "FG  : volumetric structure degradation parameters. 
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qq
,FG  : deviatoric structure degradation parameters. 
! "KJ ,  : parameters controlling the evolution of material anisotropy, i.e. the motion of the BSE. 
S : parameter controlling the variation of the elasto-plastic modulus (H) in the early stages of the
structure degradation (before the BSE is engaged). It controls the stiffness of the stress-strain curve. 
Furthermore, the model may use the following optional parameters: 
* : ratio of the sizes of the BSE and PYE which controls the size of the elastic domain and is usually 
set to a small number (typically 0.005).
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THE FINITE ELEMENT CODE
Dynamic Interaction And Nonlinear Analysis - SWANsea DYNamic program version II (DIANA – 
SWANDYNE II) is a 2-dimensional (plane strain and axi-symmetric) FE code which uses the fully 
coupled Biot dynamic equations with the assumption that the fluid acceleration relative to the solid 
skeleton is negligible (u-p formulation). The program uses isoparametric finite elements of both triangle
and quadrilateral shape. The code can be used to deal with static, consolidating and dynamic
geotechnical problems under draining or undrained condition. 
As fully non-linear behaviour is expected in geomechanics applications, most of the relevant
properties in the program are allowed to change during the analysis. This includes the solid density, the
fluid density, the void ratio and the Biot Alpha. The permeability can be a function of pore pressure and 
void ratio. Large deformations can be accounted for using the Updated Lagrangian Formulation and 
finite rotations are also included. The time integration scheme adopted in this code is the GNpj method 
(Generalized Newmark pth order scheme for jth order equation) proposed by Katona (1985) and Katona 
& Zienkiewicz (1985). Both tangential stiffness and BFGS method are available for non-linear
iterations. Within a given time step, the incremental strain can be further subdivided to increase the
accuracy of the incremental stress integration using a sub-stepping procedure (Chan, 1995). 
The constitutive model described in the previous section has been implemented in SWANDYNE II
using an explicit integration scheme, with constant maximum strain subdivision decided by the user. Its
predictive capabilities have been tested using static, consolidation and dynamic analyses of various
Boundary Value Problems (Elia, 2004). In this communication the discussion is limited to 
one-dimensional dynamic problems.
NONLINEAR GROUND RESPONSE: COMPARISON OF ALGORITHMS 
The problem of one-dimensional propagation of a seismic wave through a homogeneous layer of soft
clayey soil has been studied using the fully coupled non-linear approach described above. In this paper,
the comparison between the FE results obtained with SWANDYNE II, using MSS to reproduce the
non-linear and irreversible behaviour of the soil, and the predictions of the linear equivalent
visco-elastic approach are presented.
The equivalent linear approach is widely used in the solution of practical technical problems and in 
the present study the program EERA (Bardet et al., 2000) has been used for the comparison. This
program implements the same iterative algorithm of SHAKE (Schnabel et al., 1972) and requires as
input data for the site response analyses the curve of normalized shear modulus G/G0 with the shear
strain S, the variation of damping ratio D with S and the profile of G0 with depth.
In order to compare the two different approaches starting from the same initial conditions and 
material parameters for the analyses, the same profile of initial shear modulus G0 with depth and the
same curves G/G0-S and D-S  have been used in the presented simulations. In particular: 
1) Using MSS as constitutive model for the FE analyses it is possible to simulate a continuous
variation of the shear modulus with the mean effective stress. An equivalent profile is thus
generated using SWANDYNE II and has been used with EERA: the constant value of G0 assumed
for every layer in which the column has been divided is equal to the one predicted by MSS at the 
centre of the same layer. The adopted profile of G0 for the analyses is shown in Fig. 2. 
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Fig. 2 Profile of G0 with depth 
2) Numerical undrained cyclic simple shear tests have been performed with MSS in order to
produce the curve of normalized shear modulus G/G0 with the shear strain S and the variation of
damping D with S, as shown in Fig. 3 and Fig. 4 respectively.
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Fig.4 Variation of damping with shear strain
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Fig. 3 G/G0 - S curve obtained with MSS
The values of the MSS parameters used in these single element analyses and in the following 
analyses are typical for natural soft clays and are summarised in Table 1. The mean effective
stress imposed during the cyclic tests is consistent with the value of p’ expected in the middle of 
the column. The number of imposed cycles, equal to 30, is sufficient for a steady state condition
to be reached for the evaluation of the secant shear modulus and the damping ratio reported in 
the figures. 
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 Parameter Value Parameter Value Parameter Value 
'* 103 *V 0.001 Gv 5
,* 0.013 SV 1.5 Fv 15
HV 0.118 WV 0 Gq 5
c 0.85 JV 1 Fq 30
 
Table 1: MSS parameters used for the simple shear tests
 
It can be noticed in Table 1 that a certain amount of structure degradation has been accounted for
in the simulations with MSS, through the parameters ! "
vv
, FG  and ! "
qq
,FG , in order to
reproduce the characteristic decay of the shear stiffness observed in laboratory tests on natural 
clay subjected to cyclic loading (Hardin & Drnevich, 1972; Sangrey et al., 1969).
The resulting reduction of the normalized shear modulus with S shown in Fig. 3 is typical of a
clayey soil with a plasticity index of 15 to 30% (Vucetic & Dobry, 1991). The variation of the
damping ratio D with the shear strain as simulated by the model is reported in Fig. 4; it is in
good agreement with typical experimental data, but shows a value of initial damping very close
to zero. On the contrary, the experimental observations on clayey soils with similar plasticity
index show an initial value of D equal to approximately 2% (Vucetic & Dobry, 1991). This is
because the adopted constitutive model can only simulate the hysteretic part of the damping, i.e. 
the one due to the accumulation of plastic strains during cyclic loading, and this contribution is
very small for 0.001%S +  as the states within PYE is considered to be elastic, thus D is zero.
The Authors believe that the initial damping observed during the experiments on clays could
essentially be due to viscous effects, which cannot be modelled by MSS. Even if the damping at
extremely small shear strain is of hysteretic origin, it would be difficult to model numerically as 
it would result in very small size of the PYE surface and very computationally expensive 
analysis. Furthermore, with the use of a very small size of PYE surface, it just reduces the size
of extremely small shear strain that would cause the problem instead of removing it.
For this reason, a constant quantity of 2% viscous damping has been added to the D-S curve
obtained with MSS and the new variation of damping with shear strain is also shown in Fig. 4.
The latter curve has been used as input data for the equivalent linear analysis with EERA
together with the decay of the normalized shear modulus shown in Fig. 3. Correspondingly, in 
the analyses performed with SWANDYNE II the influence of the viscous damping has been 
investigated by adding (or not) a fictitious component of the Rayleigh type equal to about 2 % in
the dominant frequency range.
RESULTS AND DISCUSSIONS 
The ideal problem examined for the comparison between the fully coupled non-linear FE approach
and the equivalent linear scheme is the ground response of a clayey soil column, 40 m high and 
subjected at the bedrock to the N-S accelerogram registered in Calitri (Avellino, Italy) during the
earthquake of November 1980 (Ambraseys et al., 2000). This earthquake had a magnitude of 6.9 M and
a length of 80 s, with a fundamental frequency of 1.11 Hz and a peak ground acceleration of 0.125 g. The
accelerogram used in the analyses has been scaled to a maximum acceleration of 0.35 g and filtered 
using a low pass filter with a maximum frequency of 5 Hz (Fig. 5). 
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Fig. 5 Accelerogram adopted
As described in the previous section, the analyses are characterised by the same initial and material
conditions represented by the profile of G0 with depth shown in Fig. 2 and by the curves G/G0-S and D-S
shown in Fig. 3 and Fig. 4 respectively; their characteristics are summarized in Table 2.
Analysis 
name 
Code 
Additional 
Damping  
amax 
bedrock 
Accelerogram 
length 
Max 
frequency 
BJE_01 EERA 2 % 0.35 g 80 s 5 Hz 
BJE_02 SWANDYNE II 0 % 0.35 g 80 s 5 Hz 
BJE_03 SWANDYNE II 2 % 0.35 g 80 s 5 Hz 
 
Table 2: Compared analyses
For the FE analyses performed with SWANDYNE II a mesh of 40 isoparametric quadrilateral finite
elements, with 4 solid nodes and 4 fluid nodes, a time step of 0.01 s, equal to the time interval of the
earthquake trace, and a soil permeability of 10-9 m/s has been used. The FE code allowed the authors to
study the influence of the viscous damping on the results of the analyses by including or omitting a 
fictitious component of Rayleigh damping equal to a value of 2%, as reported in Table 2. A constant 
stiffness matrix is used for the Rayleigh damping calculation, where a 0.02 damping ratio has been
associated to the value of two specific frequencies equal to 0.3 Hz and 0.8 Hz.
The Fourier spectra of the accelerations at the top of the column for the three analyses are shown in 
Fig. 6: it can be noticed that the clay deposit has filtered the input signal, concentrating its energy in the
frequency range 0 to 2 Hz, giving the maximum spectral accelerations for the same fundamental
frequencies in all the performed analyses, irrespectively of the adopted approach. 
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Fig. 6 Fourier Spectra at the top of the column
The Fourier spectrum for the FE analysis BJE_02, in which a zero Rayleigh damping has been
introduced, shows spectral accelerations greater than the one obtained from the BJE_03 analysis, where 
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a Rayleigh damping equal to 2% has been introduced.
The variation of the maximum acceleration with depth for the three analyses is presented in Fig. 7: it 
can be observed that without any additional damping (analysis BJE_02) the accelerations predicted by
the FE analysis are greater than the ones obtained with the equivalent linear analysis (BJE_01) at the
same depth. This is particularly true for the deep layers where deviatoric strains are small and the
hysteretic damping provided by the constitutive model is not sufficient to dissipate the seismic energy,
due to the small but finite dimension of the elastic domain assumed in MSS. This interpretation is 
confirmed by the fact that adopting the 2 % additional viscous damping in the FE analysis BJE_03, the
agreement with EERA is improved and the results of the two analyses match each other especially at 
large depth where the shear strain magnitude is smaller and the size of the elastic region is larger. The 
results for both the finite element analyses in the shallow layers show a stiffer behaviour, leading to 
smaller accelerations than the one predicted by EERA at the same depth.
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Fig. 7 Profiles of amax with depth 
A significant advantage of the fully coupled non-linear approach is that it is based on effective stress 
analysis, accounting for the dynamic interaction between the soil skeleton and the pore fluid. Another
remarkable feature of the proposed approach is that it accounts for the non-linear and irreversible
response of soils in a realistic way, due to the constitutive model with advanced constitutive assumptions.
As such, the fully coupled non-linear approach enables researchers to investigate various aspects of the
mechanics of the wave propagation problem which are precluded in a standard total stress linear
equivalent visco-elastic analysis. An example of what was stated above is shown in Figure 8, where the
comparison of the stress-strain curves obtained for the same element (z = 10 m) in  the analyses BJE_01
and BJE_03 is shown. The curves indicates that during the finite element simulation the soil exhibits a 
continuous change of stiffness and cumulates plastic shear deformations all through the shaking, while
the equivalent linear code EERA selects a constant value of the shear modulus and the damping ratio 
during the last iteration and essentially performs a linear visco-elastic analysis characterized by a
symmetric and centered X-# curve. Moreover, the finite element simulation generated in terms of 
effective stress predicts a significant pore water pressure built up during the earthquake, as shown in Fig. 
9 (z = 10 m) resulting from the introduction of plastic strain. This excess pore water pressure build up is 
controlled by both the constitutive assumptions and the soil skeleton–pore fluid dynamic interaction 
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hypothesis. Finally, it is worthnoting that the fully coupled nonlinear approach allows the users to model
the consolidation process due to the pore pressure dissipation during and after the earthquake, predicting
permanent vertical displacements of the column at the end of the analysis, which is obviously not
possible for analyses adopting the classical single phase and total stress assumption.
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Fig. 9 Pore pressure built up during the 
earthquake
Fig. 8 Stress-strain curves 
CONCLUSIONS 
In this paper the non-linear ground response problem of a clayey soil column subjected to a scaled
recorded accelerogram at the bedrock is studied, comparing the results of fully coupled FE analyses with 
the predictions obtained using the classical linear equivalent visco-elastic scheme (EERA). A
comprehensive constitutive model developed for natural structured soils (MSS) has been implemented
in a finite element code (SWANDYNE II), which uses the fully coupled Biot dynamic equations: in this 
way it has been possible to investigate the influence of the constitutive assumptions on the 
one-dimensional ground response. In order to compensate the lack of damping at extreme small strain, a 
basic damping of 2% has been added to the EERA and some SWANDYNE II analyses.
The close agreement between the results of the two different approaches is interpreted as a good 
performance of the fully coupled non-linear FE method. At the same time, important features of the 
dynamic behaviour of soils, such as pore pressure built up and plastic strain development during and 
after the seismic loading, can only be modelled by a fully coupled nonlinear approach. 
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